The Horndeski theory of gravity is known as the most general scalar-tensor theory with secondorder field equations. Recently, it was demonstrated by Gleyzes et al. that the Horndeski theory can further be generalized in such a way that although field equations are of third order, the number of propagating degrees of freedom remains the same. We study small-scale gravity in the generalized Horndeski theory, focusing in particular on an impact of the new derivative interaction beyond Horndeski on the Vainshtein screening mechanism. In the absence of the quintic galileon term and its generalization, we show that the new interaction does not change the qualitative behavior of gravity outside and near the source: the two metric potentials coincide, Φ = Ψ (∼ r −1 ), while the gravitational coupling is given by the cosmological one and hence is time-dependent in general. We find, however, that the gravitational field inside the source shows a novel behavior due to the interaction beyond Horndeski: the gravitational attraction is not determined solely from the enclosed mass and two potentials do not coincide, indicating breaking of the screening mechanism.
I. INTRODUCTION
A number of modified gravity theories have been proposed so far as alternatives to dark energy [1] . Such theories are typically described by scalar-tensor gravity, in which a scalar propagating degree of freedom is introduced in addition to the gravitational wave ones. A single scalar and two tensor modes imply that equations of motion for the scalar field and the metric are of second order. The Horndeski theory of gravity [2] , the most general scalar-tensor theory with second-order field equations, is therefore quite useful for a comprehensive study of modified gravity.
Recently, it has been noticed that the Horndeski theory can be generalized without introducing any degrees of freedom other than the single scalar and two tensor modes [3] [4] [5] . Going beyond the Horndeski class, one inevitably obtains higher order field equations since the Horndeski Lagrangian has been proven to be the most general one with second-order field equations. The trick is to introduce a preferred time-slicing on which the necessary number of initial conditions remains the same as that of the Horndeski theory. The preferred slicing is given by the unitary gauge in which the scalar field φ is spatially homogeneous, and away from the unitary gauge the field equations are of higher order in general. One can thus obtain a more general framework to study modified gravity based on scalar-tensor theories beyond Horndeski. Aspects of scalar-tensor theories beyond Horndeski have been investigated in Refs. [6] [7] [8] . For a further generalization of the work of [3] , see Refs. [9, 10] .
The scalar degree of freedom in modified gravity is supposed to accelerate the current cosmic expansion, while care must be taken because the scalar-mediated force would persist down to small scales where a deviation from general relativity (GR) is strongly constrained, e.g., by the solar-system tests. A screening mechanism for the scalar force on small scales is therefore required to be incorporated in modified gravity. The Vainshtein mechanism [11] is one of such screening mechanisms that operates in theories possessing second derivatives of the scalar in the Lagrangian. The galileons [12] , DGP gravity [13] , and massive gravity [14, 15] are known to exhibit Vainshtein screening in the vicinity of a gravitational source [16] . The original Horndeski Lagrangian can be written equivalently in the form of the generalized galileon [17, 18] , and this galileon-like structure allows us to study the Vainshtein mechanism in a generic manner. Several works have been carried out along this direction: the generic conditions for the Vainshtein mechanism to work were derived and some observational implications were suggested in [19, 20] , and the stability of the screened solutions was discussed in [21] . See also Refs. [22, 23] for related discussions. The purpose of this paper is to extend those previous works and to study how the scalar-tensor Lagrangian beyond Horndeski changes the behavior of small-scale gravitational fields. This paper is organized as follows. In the next section we review how the Horndeski theory can be generalized while maintaining the number of propagating degrees of freedom [3] . In Sec. III we derive the cosmological background equations in the generalized Horndeski theory. In Sec. IV, the effective Lagrangian that governs small-scale gravity on the cosmological background is obtained taking into account all relevant nonlinear terms. We then discuss the possible impact of the new terms arising from the Lagrangian beyond Horndeski: first, we investigate linear density perturbations in Sec. V, and next we study the Vainshtein mechanism for spherical overdensities in Sec. VI. We draw our conclusions in Sec. VII.
II. SCALAR-TENSOR THEORIES BEYOND HORNDESKI
The Horndeski theory, i.e., the most general scalar-tensor theory with second-order field equations, is described by
The action controls the dynamics of gravity and the scalar field, φ, and its explicit expression is given by
where
and each G a is an arbitrary function of φ and X := −g µν ∂ µ φ∂ ν φ/2. Throughout the paper, subscripts X and φ are understood as differentiation, e.g., G aX := ∂G a /∂X.
In the unitary gauge, φ = φ(t), we have X =φ 2 /(2N 2 ) with N being the Lapse function, and hence a function of φ and X can be regarded as that of t and N . Here and hereafter a dot (˙) indicates a derivative with respect to t. This leads to the following unitary gauge description of the Horndeski theory:
with
where K ij and R
ij are the extrinsic and intrinsic curvature tensors of the spatial hypersurfaces, respectively. The central idea of Ref. [3] is that one can maintain the number of the propagating degrees of freedom even if A 4 and A 5 are taken to be arbitrary functions of t and N rather than the functions constrained as Eq. (8) . This generalization does not change the essential structure of the equation of motion for N : it does not give the constraint among the dynamical variables, giving rise to one scalar degree of freedom on top of the usual gravitational wave modes. Ungauging the unitary gauge description (7) with arbitrary A 4 and A 5 , one obtains the generalized Horndeski theory with the following new terms [3] :
where ǫ µναβ is the totally antisymmetric Levi-Civita tensor density of weight −1. Even though adding these terms to the Lagrangian results in third derivatives in the field equations, the number of propagating degrees of freedom remains unchanged. This fact has recently been verified by the detailed Hamiltonian analysis [4, 5] .
In this paper, we work in the generalized Horndeski theory with the matter sector minimally coupled to gravity, the action of which is given by
The matter sector is composed of the standard model particles and cold dark matter, which form structures such as galaxies, galaxy clusters, and halos. Before closing this section, it is worth noting that one can further generalize the above theory without introducing any extra degrees of freedom. Indeed, following the spirit of the effective field theory approach it is possible to add various terms constructed from K ij , R (3) ij , and a i := ∂ i ln N having the coefficients that are functions of t and N [9] . This construction yields derivatives higher than three in the field equations in general, while not increasing the number of propagating degrees of freedom. The resultant theory includes, for example, versions of Hořava-Lifshitz gravity [24, 25] as specific cases because now the combination of the form K 2 ij − λK 2 is allowed. Nevertheless, in this paper we focus on the theory introduced by Gleyzes et al. [3] as it can be regarded as the simplest extension of the Horndeski theory.
III. BACKGROUND EVOLUTION
Let us begin with investigating the cosmological background equations. The metric and the scalar field are spatially homogeneous and isotropic, g µν dx
One can derive the field equations by varying the action with respect to N , a and φ, and then by setting N = 1. The resultant equations are
andJ + 3HJ = P φ with
and
We have included the energy density and pressure of usual matter in the right hand sides of Eqs. (12) and (13) .
Here, E H , P H , J H , and P Hφ depend only on the Horndeski functions G a , and their explicit forms can be found in the literature [18] . (They are replicated in the Appendix for reader's convenience.) One notices that E H is at most cubic in H and no higher order terms are generated from L 4 and L 5 since the Lagrangian beyond Horndeski is at most cubic in K ij ; the Friedmann equation is still at most cubic in H in the generalized Horndeski theory. At sufficiently early times, the highest-order terms in H are dominant in the Friedmann equation and determine the expansion law of the Universe. Note that the coefficient of the cubic term is composed only of G 5 and F 5 . Therefore, in theories with G 5 = 0 and F 5 = 0 we have the early-time behavior as
unless a tracker scaling solution is realized. We thus see that in this case the scalar-field contribution to the cosmic expansion is screened at early times except for the time-dependence of G cos . At late times the other terms in the Friedmann equation are assumed to become larger than the matter energy density to be responsible for the accelerated expansion.
IV. EFFECTIVE THEORY ON SMALL SCALES
For the purpose of investigating the Vainshtein screening mechanism on small scales, we construct an effective theory for small fluctuations sourced by a matter overdensity δ, within which galaxies and associated objects are essentially frozen in their present-day configurations. To do so, let us consider quasi-static perturbations on a cosmological background. Working in the Newtonian gauge, we write the (dimensionful) metric perturbations, the perturbed scalar field, and the nonrelativistic matter energy density as
where M Pl is a mass scale which is assumed to be of order of the Planck mass.
To study the quasi-static behavior of those perturbations on small scales, we expand the action (11) in terms of h µν and π under the following rules. We employ the quasi-static approximation, so that (∇ε) 2 ≫ (∂ t ε) 2 in the action, where ε stands for any of Φ, Ψ, and π, and ∇ denotes a spatial derivative. The matter overdensity δ is assumed to be of O(∇ 2 Φ). Expanding the action gives rise to terms with second derivatives acting on ε. In particular, we will have many nonlinear terms of the form (∇ε) 2 (∇ 2 ε) n or equivalently ε(∇ 2 ε) n+1 , and alsoε(∇ 2 ε) n (n = 1, 2, · · · ). We keep all such terms because they can be larger than the quadratic terms below a certain scale. Such nonlinear derivative interactions are crucial for realizing the Vainshtein mechanism. However, we ignore for example (∇ε) 4 since it has less derivatives than (∇ε) 2 (∇ 2 ε) 2 and hence is smaller. Note that the mass term ∼ π 2 is also ignored since in this paper we do not consider screening due to π's mass, i.e., the chameleon mechanism [26] By doing the expansion following the above rule, we obtain the effective action of the form
where L eff H is the interactions included in the Horndeski class and L eff beyond is those beyond Horndeski. Let us first look at the effective Lagrangian derived from the Horndeski part:
where the quadratic and nonlinear terms are given by
respectively. Here, L Gal a is the (spatial) Galileon Lagrangians and E Gal a
are the corresponding equations of motion derived from L Gal a :
where we have introduced the convenient notation
The quintic galileon Lagrangian, L
Gal 4 /2, does not appear in the effective action because it is a total divergence in three dimensions. In Eq. (23) and (24) we have defined the time-dependent dimensionless coefficients, F , G, η, ξ 1 , ξ 2 , µ, ν, α 1 , α 2 , β, γ, which can be written in terms of H(t), φ(t), and G a (φ(t), X(t)). Their concrete form can be deduced from Ref. [19] . For the purpose of the present paper it is sufficient to write only some of the coefficients explicitly in terms of G a as summarized in the Appendix A. We assume that these coefficients are O(1) unless they vanish, based on the underlying assumption that G a scale as
where Λ is another mass scale. To explain the cosmic acceleration due to the interaction of the scalar field, it is reasonable to assume that Λ is related to the present value of the Hubble rate, H 0 , as
. Then, it is easy to see that the scaling is consistent with the cosmological background equations. The effective Lagrangian (22) is the cosmological generalization of Ref. [21] in the Newtonian gauge, and the corresponding equations of motion have already been derived in Ref. [19] .
The two Lagrangians beyond Horndeski, L 4 and L 5 , generate the following new terms,
where we have introduced the dimensionless parameters of O(1) (unless they vanish) as
with M being a mass scale related to Λ through M 2 = Λ 3 / M Pl . Here we have assumed the scaling
This scaling is consistent with the cosmological background equations. Note that the two Lagrangians also generate the same Horndeski terms as appearing in Eqs. (23) and (24), which can be absorbed in the redefinition of the must be retained in the equations of motion which will be of the same order asδ.
One sees that only in the case whereφ = 0 the new interactions (31) and (32) participate in determining small-scale gravitational fields. Hence, taking the limit g µν → η µν , X → 0, only the Horndeski terms (23) and (24) survive, and one finds from the concrete expression for the coefficients that F = G, ξ 1 = ξ 2 , α 1 = α 2 , and γ = 0. The form of the resultant effective Lagrangian exactly coincides with the Newtonian gauge expression of the effective theory of the Vainshtein mechanism from the Horndeski theory derived in Ref. [21] with time-derivative terms being dropped. On the cosmological background, however, the above degeneracy of the coefficients is disentangled in general. Note that, even in the case of a Minkowski background, one can consider a solution with X = const = 0 (i.e., φ = const × t) in a certain subclass of the general scalar-tensor theories, and the degeneracy of the coefficients is disentangled around such a background as well due to the preferred time direction specified by ∇ µ φ. On such a background L NL beyond does not vanish.
To summarize, the total effective Lagrangian is given by
where the form of each Lagrangian in the right hand side is found in Eqs. (23), (24), (31), and (32) . (Now the coefficients in L
H and L NL H are composed not only of G a but also of F a due to the above-mentioned redefinition of the coefficients.)
V. LINEAR DENSITY PERTURBATIONS UNDER THE QUASI-STATIC APPROXIMATION
To explore the impact of the term L (2) beyond , let us focus on the evolution of the density perturbation δ in the linear regime in this section, deferring the analysis of the nonlinear regime until Sec. VI. Since the matter sector is assumed to be minimally coupled to gravity, the evolution equations for δ is the same as the conventional one,
This equation is a consequence of the conservation equations for the matter energy-momentum tensor, and therefore can be derived without using the field equations for the metric and the scalar field. To close the evolution equation one needs to relate Φ to δ, and this is where the effect of modified gravity comes in. In deriving the effective action on small scales in the previous section, we made the quasi-static approximation (∇ε) 2 ≫ (∂ t ε) 2 in the action. Working within the Horndeski theory, this approximation results in three algebraic equations for ∇ 2 Φ, ∇ 2 Ψ, and ∇ 2 π at linear order [30] . We can thus write those three variables in terms of δ, and the evolution equation for δ is now closed. Note that δ = O(∇ 2 Φ), and hence the time derivatives of δ are retained in Eq. (39). Since we have a single second-order differential equation for δ, we need two initial conditions to determine the quasi-static evolution of δ in the Horndeski theory.
Going beyond the Horndeski theory, L
beyond gives rise to terms of O(∇ 2 ∂ t ε) in the field equations. Since the interactions between the metric and the scalar field is rather complicated, it is difficult to investigate the equations of motion in the original Jordan frame. A simple way of dealing with this is to define the Einstein-frame variables as
and we have assumed that F > 0 and G = 0. In terms ofΦ andΨ, the quadratic part of the Lagrangian in the Einstein frame is written as
and we redefined the coefficient of the π∇ 2 π term: η →η. We can thus remove L (2) beyond as well as coupling between the metric perturbations and π to go to the Einstein frame. In this frame, however, π couples to matter. In particular, L (2) beyond yields the "disformal" pieceπδ.
2 Working in the Einstein-frame Lagrangian, the kinetic term for small fluctuations has the right sign provided thatη > 0. The field equations derived from the Lagrangian (44) are given byΨ =Φ,
where we have used the fact that ∂ t a 3 ρ = 0 for nonrelativistic matter. Substituting the definitions (40) into these equations and using the evolution equation (39), we see that ∇ 2 Φ in the original Jordan frame can be written in the form
One can easily see that the cosmological Poisson equation (48) is modified due to the additional friction term from the scalar field, as well as the time-dependent effective gravitational coupling. Within the Horndeski theory (b 2 = 0), it is clear that α reduces to a. In this case, G eff simply represents the effective gravitational coupling for linear density perturbations, the explicit form of which can be found in Ref. [30] . Combining Eqs. (39) and (48), a closed second-order differential equation for δ is obtained. Going beyond Horndeski, it turns out from Eq. (48) that the evolution equation for δ takes the formδ
Equations (50) and (51) imply that, in addition to the usual change of the effective gravitational coupling, L
beyond effectively modifies the cosmic expansion rate felt by the density perturbation. Note that as long as the stability condition for π is imposed, the singular point of this equation, α = 0, is obviously avoided for a > 0. The evolution equation for the matter overdensity with the same structure as Eq. (51) has also been derived in the context of a disformally coupled scalar field [31] .
VI. SPHERICAL OVERDENSITIES
In the previous section we have investigated the impact of the new interaction beyond Horndeski on the quasi-static evolution of linear density perturbations. Now we are going to study the nonlinear terms beyond Horndeski and their possible impact on the Vainshtein mechanism, assuming spherically symmetry for simplicity 3 . We focus on the subclass of the theory in which β = γ = 0. This restriction is not only for simplicity, but also for the following reasons: within the Horndeski theory it is pointed out that spherically symmetric Vainshtein solutions are unstable against perturbations if β = 0 [21] , and the metric potentials do not show the correct Newtonian behavior Φ, Ψ ∼ r −1 on small scales on the cosmological background if γ = 0 [19] . In terms of the functions in the original Lagrangian of the theory, the restriction β = γ = 0 amounts to switching off G 5 and F 5 . It follows then that α t = β * = 0. Note also that in G 5 = F 5 = 0 theories the Friedmann equation is quadratic in H, and hence conventional cosmology is recovered (except that the effective gravitational "constant" G cos is time-dependent in general) for
eff with respect to Ψ, Φ, and π, one obtains the field equations valid on small scales, which can be integrated once immediately. The relevant equations are summarized as follows:
where we have defined the dimensionless quantities as
being the enclosed mass. Here r is the comoving radial coordinate, and a prime ( ′ ) indicates a partial derivative with respect to r. Upon integration all the integration constants are set to 0 because x = y = z = 0 = A must be a solution. Unlike theories within Horndeski, F 4 = 0 theories generate second derivatives in Eqs. (52) and (54), since the field equations away from the unitary gauge are of third order in general. Unlike the analysis of linear density perturbations, we will not consider a disformal transformation of the metric because the metric would no longer take the Newtonian gauge form after such a transformation at nonlinear order.
In the region far from the source, we have A ≪ 1 and linearization is justified to get the solution x ∼ y ∼ z = O(A). In this section, we consider the region in the vicinity of the source satisfying A ≫ 1, where nonlinearity, and hence possible new effects from L NL beyond , are expected to play a crucial role. Let us now identify the appropriate solution for A ≫ 1. Using Eqs. (52) and (53), one can eliminate y and z from Eq. (54). Interestingly, in doing so x ′ drops out from Eq. (54), which, for A ≫ 1, reduces to
. By imposing the condition that two of the three terms (O(x 0 ), O(x 1 ), and O(x 3 ) terms) in Eq. (57) balance, one can obtain the approximate solutions for A ≫ 1. Possible solutions are
where we have assumed that rA
Our primary interest is in the solution (58), because in this case π ′ is suppressed due to nonlinearity so that we may expect that GR is reproduced inside the Vainshtein radius. Substituting Eq. (58) to Eqs. (52) and (53), we obtain y = 2α
Note that the terms with the coefficient ξ t in Eqs. (52) and (54) are suppressed relative to the leading terms. Plugging the concrete expression of the coefficients in terms of G 4 and F 4 , Eqs. (60) and (61) can be recast in a more suggestive form as
where it turns out that
Let us consider a density profile for which δ = 0 outside a certain radius r s (t). Following Refs. [20, 21] , it will be appropriate to define the Vainshtein radius as
Then, outside the overdensity (r > r s ), we have
Since (r 3 A) ′ ∝ r 2 δ = 0 outside the source, the second terms in Eqs. (62) and (63) vanish for r > r s , leading to
This implies that GR is reproduced inside the Vainshtein radius and outside the overdensity, provided that G N varies in time sufficiently slowly. 4 Note in passing that 8πG
Pl as the dimensionless coefficients have been assumed to be of O(1).
We thus have looked at the region outside the overdensity and found that the F 4 term does not change the qualitative aspect of gravity near the source: in the absence of G 5 (and F 5 ) the Vainshtein mechanism operates to reproduce standard gravity, Φ = Ψ (∝ r −1 ), but the effective gravitational coupling is time-dependent in general and given by G cos [19] . The impact of the new terms beyond Horndeski becomes manifest only inside the overdensity region, where the second terms in Eqs. (62) and (63) no longer vanish. When this is the case, the gravitational attraction is determined not only from the enclosed mass (M ∝ A) but also from the local energy density and its derivative (δρ ⊂ A ′ , δρ ′ ⊂ A ′′ ), and the two metric potentials do not coincide:
which implies that the Vainshtein screening mechanism fails to operate inside the overdensity region in the presence of the interaction beyond Horndeski. This result could for example affect the motion of a galaxy inside a cluster and modify structure of stars, though one should take into account the effect of pressure in the stellar interior. Astrophysical implications of this novel modification of gravity are beyond the scope of the present paper and will be discussed in more detail elsewhere.
For completeness we would like to make a brief comment on another branch (59). In the case where x = O(1), it can be seen immediately from Eqs. (52) and (53) that, for A ≫ 1,
Therefore, Ψ/Φ = G/F = 1 in general even in the Vainshtein radius. 5 This property is independent of whether the region inside or outside the overdensity is considered.
VII. CONCLUSIONS
In this paper, we have derived an effective theory on small scales from scalar-tensor theories beyond Horndeski [3] . In doing so, we have made a quasi-static approximation in the Newtonian gauge, while keeping all the nonlinear terms which could be relevant on small scales. We have seen that the new interaction terms beyond Horndeski give rise to third derivatives in the field equations. The impact of those new terms has been investigated in the case of L 5 = L 5 = 0 theories. We have found that the linear growth of matter density perturbations is modified not only through the time-dependent effective gravitational coupling but also through the additional friction, which is absent in the Horndeski theory. This is due to the disformal coupling of the scalar field to matter in the Einstein frame. We have then investigated the nonlinear effect of the scalar field fluctuations that can screen the fifth force inside the Vainshtein radius. One of the solutions outside and near the source has been shown to reproduce the standard behavior, Φ = Ψ (∼ r −1 ), though the effective gravitational coupling, G N , is time-dependent in general on a cosmological background, as in the Horndeski theory. In particular, G N coincides with the gravitational coupling in the Friedmann equation even in the presence of the F 4 term. However, the new interactions beyond Horndeski crucially change the behavior of the gravitational potentials inside the matter overdensity. The gravitational attraction depend not only on the enclosed mass but also on the local matter energy density, and Φ and Ψ no longer coincide, implying that GR is not recovered inside the source.
We have made the quasi-static approximation for scalar perturbations throughout the paper. This hindered us from investigating the stability of the spherical solutions in Sec. VI. It would be interesting to study how the new terms beyond Horndeski change the stability e.g. of stars.
The redefinition of the coefficients due to L 4 has been taken into account also here. In the case we investigate in the main text, the terms with the coefficients η, µ, ξ 1 , ξ 2 are not relevant inside the Vainshtein radius. One may notice that the following relation holds: ν (F − G) + 2(α 2 − α 1 )(α 2 − α * ) = 0.
(A20)
